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Abstract
The extended exotic planar model for a charged particle is constructed. It includes a Chern-
Simons-like term for a dynamical electric field, but produces usual equations of motion for the
particle in background constant uniform electric and magnetic fields. The electric Chern-Simons
term is responsible for the non-commutativity of the boost generators in the ten-dimensional
enlarged exotic Galilei symmetry algebra of the extended system. The model admits two reduc-
tion schemes by the integrals of motion, one of which reproduces the usual formulation for the
charged particle in external constant electric and magnetic fields with associated field-deformed
Galilei symmetry, whose commuting boost generators are identified with the nonlocal in time
Noether charges reduced on-shell. Another reduction scheme, in which electric field transmutes
into the commuting space translation generators, extracts from the model a free particle on
the noncommutative plane described by the two-fold centrally extended Galilei group of the
non-relativistic anyons.
1 Introduction
Nowadays, the questions on symmetries of noncommutative systems and their relation to the
Poincare´ and Galilei symmetries are the hot topics [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. A simple ex-
ample of such a system is a model of a particle in a noncommutative plane [7, 8, 9, 10, 11, 12]. In
a free case the model is described by the two-fold centrally extended exotic Galilei symmetry with
noncommuting boost generators [13]. Recently it was observed that a free non-relativistic anyon
(NR-anyon) can be identified with a free planar particle with noncommuting coordinates [9, 10, 11].
In its evolution the NR-anyon reveals, like a Dirac particle, a nonrelativistic Zitterbewegung su-
perimposed on a translation motion [10, 11]. As a result, the free NR-anyon motion turns out to
be similar to the evolution law of a charged particle in external constant homogeneous electric and
magnetic fields (further on, EM-particle), with a translation motion of the NR-anyon recognized as
an analog of a Hall drift motion of the EM-particle. It is well known that the EM-particle model also
reveals the elements of noncommutative geometry: its guiding center coordinates are noncommut-
ing. However, unlike the free NR-anyon, the EM-particle is described by the broken, field-deformed
Galilei symmetry with noncommuting translation generators [14]. Therefore, a natural question
appears on the relation between these two essentially different systems and their symmetries in the
light of the dynamical similarity.
In the present paper, we construct the extended exotic model (Ex -model), which unifies the
both systems in a nontrivial way. The “unification” is achieved by making the electric field to be
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dynamical, and by including an electric Chern-Simons-like term into Lagrangian of the EM-particle
(see Eq. (4.8)).
The obtained system is characterized by the following properties. The extension of the model
does not change equations of motion of the initial EM-particle but transforms its nonlocal Noether
charges associated with the Galilei boost and rotation symmetries into the local integrals of motion.
Lagrangian (4.8) of the extended system looks formally as a sum of Lagrangians of the EM-particle
and of the NR-anyon of zero mass, with electric field playing the role of the momentum for the
latter subsystem. The two subsystems are coupled, however, by means of the electric interaction
term of the first subsystem and of the kinetic term for the second subsystem coordinates conjugate
to the electric field variables. These two terms form together the Lagrangian constraint, which
identifies the commutative configuration (x-) space of the first subsystem to be tangent to the
noncommutative configuration (q-) space of the second subsystem. The switching off interaction
in the first subsystem by putting the particle’s charge to be equal to zero, reduces the extended
system to the decoupled sum of the two free non-relativistic planar models — the usual massive
scalar particle and the free exotic particle of Duval and Horvathy [8] of zero mass.
The symmetry of the extended model can be identified as a ten-dimensional enlarged exotic
Galilei group. In comparison with the planar Galilei-Maxwell symmetry discussed earlier [15, 16],
it includes two additional generators associated with the circular motion of the EM-particle, whose
analogs in the NR-anyon model are responsible for the Zitterbewegung. The electric Chern-Simons
term induces the non-commutativity of the Galilei boost generators of the Ex -model. The Galilei
symmetry acts in the x- as well as in q- spaces, while the electric field, responsible for the Hall
drift motion in the x-space, acts nontrivially only in the q-space, where it generates translations.
Additional circular motion vector integral is invariant with respect to the boosts and x- and q-
translations.
The obtained system admits two reduction schemes by the integrals of motion, one of which re-
produces the EM-particle with associated field-deformed Galilei symmetry, whose commuting boost
generators are identified with the nonlocal in time Noether charges reduced on-shell. Another reduc-
tion scheme, in which the electric field transmutes into the commuting space translation generators,
extracts from the model a free massive particle on the noncommutative plane [8] described by the
two-fold centrally extended Galilei group of the non-relativistic anyons.
The paper is organized as follows. In Section 2 we analyze the minimal and extended formula-
tions for the free non-relativistic anyon, and observe the enlargement of the exotic planar Galilei
symmetry by the integrals of motion associated with the Zitterbewegung. In the third Section we
consider the charged particle in external constant uniform electric and magnetic fields. We compare
the dynamics of the model with that of the free NR-anyon in extended formulation, and analyze
in detail its symmetries corresponding to the field-deformed Galilei algebra. In particular, we ob-
serve how the nonlocal Noether charges associated with the boosts and rotations are transformed
on shell into the local integrals of motion generating the complicated field-deformed symmetry
transformations, which take the form of the usual Galilei boosts and rotations under switching off
the electromagnetic coupling. In the fourth Section, we construct the extended exotic model and
analyze its symmetries. In Section 5 we consider the two Hamiltonian reduction schemes, which
relate the extended system to the EM-particle and to the NR-anyon models. The last Section is
devoted to the discussion and concluding remarks.
2 NR-anyon: symmetries, motion, coordinates
The exotic two-fold centrally extended planar Galilei group [13, 8, 11] can be given by the Poisson
bracket relations of the generators of the space, Pi, and time, H, translations, of the rotations, J ,
and boosts, Ki,
{Pi,Pj} = 0, {Ki,Pj} = mδij , {Ki,Kj} = −κǫij ,
{J ,Pi} = ǫijPj , {J ,Ki} = ǫijKj , (2.1)
{H,Ki} = −Pi, {H,Pi} = 0, {H,J } = 0.
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The parameters m and κ play the role of the two central charges of the algebra (2.1), characterized
by the two Casimir elements [11]
C1 = ǫijKiPj −mJ − κH, C2 = P
2
i − 2mH. (2.2)
There are two different but related possibilities to realize the algebra (2.1) as a symmetry of the
NR-anyon: the minimal and the extended ones1. In view of the first relation from (2.1), the space
translation generators can be identified as particle’s canonical momenta, Pi = pi. Then, in minimal
realization the coordinates of the particle are reconstructed from the boost and space translation
generators,
Xi =
1
m
Ki − θǫijPj +
1
m
Pi t, (2.3)
where
θ =
κ
m2
.
This guarantees the Galilei-covariant properties of the Xi, as well as its free evolution law:
{J ,Xi} = ǫijXj , {Pi,Xj} = −δij , {Ki,Xj} = tδij ,
d
dt
Xi =
∂
∂t
Xi + {Xi,H} =
1
m
Pi.
Fixing the values of the Casimir elements (2.2) to be equal to zero, we get the free massive planar
particle with zero internal energy and spin. Its symmetry generators, represented in terms of the
variables Xi and pi, are
Pi = pi, Ki = mXi − tpi +mθǫijpj, J = ǫijXipj +
1
2
θp2i , H =
1
2m
p2i . (2.4)
The price we pay for such a minimal realization is the noncommutativity of the coordinates Xi. In
correspondence with Eqs. (2.3), (2.1), the fundamental phase space Poisson bracket relations are
{Xi,Xj} = θǫij, {Xi, pj} = δij, {pi, pj} = 0. (2.5)
One can also define another set of noncommuting coordinates [11, 12],
Yi = Xi + θǫijpj, {Yi,Yj} = −θǫij, {Yi,Xj} = 0, {Yi, pj} = δij , (2.6)
which simplify the form of the boost and rotation generators,
Ki = mYi − tpi, J =
1
2θ
(
Y2i − X
2
i
)
. (2.7)
Since
{J ,Yi} = ǫijYj , {Pi,Yj} = −δij , {Ki,Yj} = tδij −mθǫij, (2.8)
the last relation means that the coordinates Yi, unlike the Xi, are not Galilei-covariant.
At the quantum level, the Xi, i = 1, 2, are the non-commutative (hence, simultaneously not
localizable) coordinates. One can work there in the momentum representation. Or, by introducing
commuting (canonical) coordinates
Xi =
1
2
(Xi + Yi) = Xi −
1
2
θǫijpj, (2.9)
{Xi,Xj} = 0, {Xi, pj} = δij , we get the coordinate representation ψ(X). In the latter case, in
correspondence with (2.9), the covariant coordinate operators are realized by the star-product [20],
Xˆjψ(X) =
(
Xj −
i
2
θǫjk∂k
)
ψ(X) = Xj ⋆ ψ(X).
1Cf. the two formulations for (2+1)D relativistic anyons [17, 18, 19].
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In terms of the coordinates Xi, the angular momentum takes a usual form, J = ǫijXipj. However,
the canonical coordinates Xi, like the Yi, are not Galilei-covariant, {Ki,Xj} = tδij −
1
2
mθǫij.
The covariance and localizability may simultaneously be incorporated into the theory by in-
troducing the Galilei-covariant canonical coordinates xi alongside with the translation-invariant
internal noncommuting variables vi being analogs of the gamma matrices for the Dirac particle,
{xi, xj} = 0, {xi, pj} = δij , {vi, vj} = −κ
−1ǫij, {vi, xj} = {vi, pj} = 0.
Taking into account relations (2.1), the boost and rotation generators are realized in such an
extended approach in the form [11]
Ki = mxi − tpi + κǫijvj , J = ǫijxipj +
1
2
κv2i . (2.10)
Then, fixing zero value for the first Casimir central element (2.2), C1 = 0, we obtain the Hamiltonian,
H = pivi −
1
2
v2i . (2.11)
It generates the equations of motion
dxi
dt
= vi,
dpi
dt
= 0,
dvi
dt
= ωǫij(vj −m
−1pj), (2.12)
where ω = m
κ
. Their solution is given by
pi(t) = p¯i, xi(t) =
1
m
(
pit− ǫij(Vj(t)− V¯j)
)
+ x¯i, Vi(t) = V¯j∆ji(t), (2.13)
with
Vi = κ(vi −m
−1pi), (2.14)
x¯i = xi(0), p¯i = pi(0), V¯i = Vi(0). Here we have introduced the notation
∆ij(t) = δij cosωt− ǫij sinωt = ∆ji(−t) = ∆
−1
ij (t) (2.15)
for the elements of the orthogonal matrix satisfying the equation d
dt
∆ij = −ωǫik∆kj.
As in the case of the Dirac particle, the commuting Galilei-covariant coordinates xi are subjected
to the Zitterbewegung: here the evolution is described by a superposition of the translation and
rotation motions. The Vi are invariant under the space translations and Galilei boosts, {pi, Vj} = 0,
{Ki, Vj} = 0. Therefore, the
Xi = xi +
1
m
ǫijVj (2.16)
is a Zitterbewegung-free Galilei-covariant vector satisfying the equation of motion d
dt
Xi =
1
m
pi. It
has noncommuting components, {Xi,Xj} = θǫij, and can be identified with the covariant coor-
dinates (2.3) in the minimal formulation of the free NR-anyon. This is an analog of the Foldy-
Wouthuysen coordinate for the Dirac particle. The analog of the Galilei-noncovariant vector (2.6)
is given here by Yi = xi +mθǫijvj .
In accordance with Eqs. (2.14), (2.16), the transition from the phase space variables xi, pi, vi
to the set Xi, pi and Vi,
{Xi,Xj} = θǫij, {Xi, pj} = δij , {Vi, Vj} = −κǫij, {Vi,Xj} = {Vi, pj} = 0,
gives the following realization for the generators of the exotic Galilei group:
Pi = pi, Ki = mXi − tpi +mθǫijpj, J = ǫijXipj +
1
2
θp2i +
1
2κ
V 2i , (2.17)
H =
1
2m
(
p2i − ω
2V 2i
)
. (2.18)
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The obtained system realizes the exotic planar Galilei group as its symmetry, but it contains
additional internal degrees of freedom described by the Vi. The set of the Galilei group generators
can be extended here by the vector integral
Vi = ∆ij(t)Vj = V¯i, (2.19)
for which we have the relations
{Vi,Vj} = −κǫij, {H,Vi} = −ωǫijVj, {J ,Vi} = ǫijVj , (2.20)
{Pi,Vj} = {Ki,Vj} = 0. (2.21)
The extended Galilei algebra with the Poisson bracket relations (2.1), (2.20), (2.21) is characterized
by the Casimir elements
C1 = ǫijKiPj +
1
2κ
V2i −mJ − κH, C2 = P
2
i − ω
2V2i − 2mH. (2.22)
The comparison of Eq. (2.22) with Eq. (2.2) shows that the free exotic particle in the minimal
formulation is nothing else as the extended model reduced to the surface Vi = 0, i = 1, 2, which
can equivalently be given by the two second class phase space constraints not depending explicitly
on time,
Vi ≈ 0. (2.23)
The momenta pi as well as the covariant coordinates (2.16) have zero Poisson brackets with con-
straints (2.23). After reduction coordinates (2.16) are transformed into the noncommuting coordi-
nates of the minimal formulation with Dirac bracket relations of the form (2.5).
In correspondence with Dirac theory of the constrained systems, if ϕa ≈ 0 is a set of second
class constraints, one can define the extension A∗ of a dynamical quantity A,
A∗ = A− {A,ϕa}C
−1
ab ϕb, Cab = {ϕa, ϕb}. (2.24)
It satisfies the properties ϕ∗a = 0, {A
∗, ϕa} ≈ 0, {A
∗,D∗} ≈ {A,D}∗, where {A,D}∗ = {A,D} −
{A,ϕa}C
−1
ab {ϕb,D} is the Dirac bracket [22]. In this sense, we have V
∗
i = 0, p
∗
i = pi and x
∗
i = Xi,
where Xi is the Zitterbewegung-free covariant coordinate (2.16).
Let us summarize shortly the NR-anyon model in the symplectic geometry language [23, 22].
The symplectic two-form of the model in the extended formulation can be presented in one of the
equivalent forms,
σ = dpi ∧ dxi +
1
2
ǫijdvi ∧ dvj
= dpi ∧ dXi +
1
2
θdpi ∧ dpj +
1
κ
ǫijdVi ∧ dVj
=
1
2θ
ǫij(dYi ∧ dYj − dX ∧ dXj) +
1
2κ
ǫijdVi ∧ dVj . (2.25)
The equations of motion are given by the vector fields in the extended phase space with t treated
as the additional coordinate, where they form the null space of the degenerate two-form
Σ = σ + dt ∧ dH (2.26)
with the Hamiltonian given by Eq. (2.11) or (2.18). The extended two-form can equivalently be
presented in terms of the integrals of motion being the generators of the extended Galilei group,
Σ =
1
m
dPi ∧ dKi +
1
2
θǫijdPi ∧ dPj +
1
2κ
ǫijdVi ∧ dVj . (2.27)
The reduction to the surface Vi = 0, i = 1, 2, corresponds to omitting of the last term in (2.27),
and to putting Vi = 0 in symplectic form (2.25) and in Hamiltonian (2.18).
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3 EM-particle: dynamics and symmetries
Let us consider a charged nonrelativistic particle on the plane subjected to the external constant
homogeneous magnetic B and electric Ei fields,
LEM =
1
2
mx˙2i +
1
2
Bǫijxix˙j + Eixi, (3.1)
where we put c = e = 1, and choose the symmetric gauge, Ai(x) = −
1
2
Bǫijxj. By means of the
symplectic two-form
σ = dpi ∧ dxi = dPi ∧ dxi +
1
2
Bǫijdxi ∧ dxj , (3.2)
the Hamiltonian
H =
1
2m
P 2i − Eixi, (3.3)
generates the equations of motion
d
dt
xi = m
−1Pi,
d
dt
Pi = ωcǫij(Pj − ω
−1
c ǫijEj), (3.4)
where Pi = pi−Ai = pi+
1
2
Bǫijxj is a mechanical momentum, and ωc =
B
m
is the cyclotron frequency.
Comparing (3.4) with equations of motion (2.12) of the NR-anyon in extended formulation, we see
a similarity of the dynamics of both systems if we identify their corresponding coordinates xi, treat
the dynamical constants pi of the NR-anyon as analogs of the nondynamical constant quantities
ω−1c ǫijEj, and consider the velocities m
−1Pi of the EM-particle,
{Pi, Pj} = Bǫij, (3.5)
as analogs of the noncommutative velocities vi of the NR-anyon. The analogy between the two
systems is extended if we introduce the variables
Xi = xi +B
−1ǫijΠj , Πi = Pi − ω
−1
c ǫijEj. (3.6)
The coordinate Xi has a sense of the guiding center coordinate Xi [21] shifted for the constant
electric term,
Xi = Xi +B
−1ω−1c Ei, Xi = xi +B
−1ǫijPj . (3.7)
The introduced phase space variables are mutually decoupled in the sense of the Poisson brackets,
{Xi,Xj} = −B
−1ǫij, {Xi,Πj} = 0, {Πi,Πj} = Bǫij, (3.8)
allowing us to separate the drift Hall and the circular motions,
d
dt
Xi = B
−1ǫijEj,
d
dt
Πi = ωcǫijΠj . (3.9)
Having in mind the noncommutativity of the Xi and their Poisson bracket decoupling from the Πi
variables, we can treat them, respectively, as analogs of the covariant NR-anyon coordinates Xi and
of the spin variables Vi associated with the Zitterbewegung. The analogy between the two systems,
however, is not complete. The pi of the NR-anyon are dynamical and generate translations of the
coordinates Xi, while the ω
−1
c ǫijEj are the nondynamical constants of the EM-particle.
Let us investigate the integrals of motion of the EM-particle and symmetries associated with
them. Integration of Eq. (3.9) provides us with the four dynamical integrals of motion ( d
dt
I = 0,
∂
∂t
I 6= 0):
X¯i = Xi −B
−1ǫijEj · t = Xi(0), Π¯i = ∆ij(t)Πj = Π(0), (3.10)
where the matrix ∆ij(t) is defined by the equation of the form (2.15) with ω changed for ωc. These
four independent integrals associated with the drift and circular motions satisfy the Poisson bracket
relations of the form (3.8),
{X¯i, X¯j} = −B
−1ǫij, {X¯i, Π¯j} = 0, {Π¯i, Π¯j} = Bǫij, (3.11)
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and represent the Hamiltonian (3.3) as
H =
1
2m
(
Π¯2i + ω
−2
c E
2
i
)
− EiX¯i. (3.12)
Any other function of X¯i and Π¯i is also an integral of motion. In what follows we shall be interested
in the restricted class of the geometric symmetries associated with the linear and quadratic functions
of the integrals (3.10).
From Eq. (3.10), we find the evolution law
xi(t) = X¯i +B
−1
(
Π¯kǫkj∆ji(t) + ǫijEjt
)
. (3.13)
Making use of the solutions to the equations of motion, we calculate the Poisson brackets
{xi(t1), xj(t2)} = −B
−1ǫik (δkj −∆kj(t2 − t1)) , (3.14)
{xi(t1), pj(t2)} =
1
2
(δij +∆ji(t2 − t1)) , (3.15)
{xi(t), X¯j} = −B
−1ǫij , {xi(t), Π¯j} = ∆ji(t). (3.16)
In accordance with Eqs. (3.16), (3.7), the rotated guiding center coordinate
Pi = −BǫijX¯j = ǫij(−BX¯j + ω
−1
c Ej) = Pi −Bǫijxj − Eit (3.17)
generates the translations,
δxi = δai, δt = 0, δLEM =
d
dt
(
δxi
(
1
2
Bǫijxj + eEit
))
, (3.18)
being the Noether charge associated with the displayed quasi-invariance of the EM-particle La-
grangian. The Π¯i is the Noether charge associated with the symmetry
δxi = δλj∆ji(t), δt = 0, δLEM =
d
dt
((
1
2
Bxi − ω
−1
c Ei
)
ǫijδxj
)
, (3.19)
where δλi are the infinitesimal transformation parameters. Then the linear combination of the
integrals
Ki = ω
−1
c ǫij(Rj − Π¯j), (3.20)
with
Ri = Pi − ω
−1
c ǫijEj = −BǫijX¯j , (3.21)
can be treated as a generator of the field-deformed Galilei boost transformations. Indeed, it is the
Noether charge associated with the symmetry
δxi = ω
−1δvjǫjk(∆ki(t)− δki), δt = 0, δLEM =
d
dt
(
δviγ
b
i
)
, (3.22)
where
γbi =
1
2
m(δij +∆ij(t))xj − ω
−2
c ǫik(ωctδkl − ǫkj∆jl(t))El. (3.23)
In the limit B → 0, (3.22) takes the form of the usual Galilei boost transformations, δxi → δvit,
and (3.20) is reduced to the boost generator of a free particle: Ki → mxi− pit. On the other hand,
for the usual Galilei boost transformations we have
δxi = δvi · t, δt = 0, δLEM =
d
dt
(
γ˜bi δvi
)
, (3.24)
with
γ˜bi = mxi +
1
2
Bǫijxj · t+
1
2
Ei · t
2 −Bǫij ·
∫ t
0
xj(τ)dτ. (3.25)
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Due to the last term in Eq. (3.25), the Noether charge associated with Galilei boosts (3.24),
K˜i = γ˜
b
i − tpi, (3.26)
is nonlocal in time. By means of relations (3.14) and (3.15), we find that the nonlocal in time
Noether charge (3.26) generates not the transformation (3.24), (3.25) but the field-deformed boost
transformations (3.22), (3.23) associated with the local in time dynamical integral of motion (3.20).
This happens because to find the transformations generated by (3.26), we have to use the Poisson
brackets (3.14) calculated on shell, i.e. with making use of the solutions to the equations of motion.
The calculation of the integral in the last term of (3.25) with the help of solution (3.13) reduces
the nonlocal charge (3.26) into the local integral of motion (3.20).
Taking into account the picture of transmutation on shell of the nonlocal in time Noether charges
related to the Galilei boosts into the local in time field-deformed Galilei symmetry generators, let
us analyze in the same way the rotation transformations. For infinitesimal rotations we have
δxi = δϕ · ǫijxj , δt = 0, δLEM =
d
dt
(γrδϕ) , (3.27)
with
γr = ǫijEi
∫ t
0
xj(τ)dτ.
As in the previous case, the associated Noether charge jr = ǫijxipj+γ
r is not local in time quantity.
On shell, it transmutes into the local in time integral
J =
1
2
(
BX¯i
2 −B−1P¯ 2i
)
, (3.28)
where P¯i = Π¯i + ω
−1
c ǫijEj = Pi(0). The integral (3.28) generates the field-deformed rotation
transformations
δxi = {J , xi}δϕ = ǫij
(
xj −m
−1ω−2c (Ej · (1− cosωct)− ǫjkEk · (ωct− sinωct))
)
· δϕ, (3.29)
which at Ei = 0 are reduced to the usual rotation transformations, while the integral (3.28) takes
a usual form J = ǫijxipj.
Note that for B → 0, Eq. (3.29) gives δxi = ǫij(xj−
1
2
m−1Ej · t
2)δϕ. Hence, in the limit B → 0,
the infinitesimal translations, the field-deformed Galilei boosts and the rotation transformations
are polynomials of t of the degree 0, 1 and 2, respectively.
The integrals Pi, Ki, J and H form the field-deformed Galilei algebra
{Pi,Pj} = −Bǫij, {Ki,Kj} = 0, {Ki,Pj} = mδij ,
{J ,Pi} = ǫijPj , {J ,Ki} = ǫijKj , (3.30)
{Pi,H} = Ei, {Ki,H} = Pi + ωcǫijKj , {J ,H} = −m
−1ǫijEiKj.
The field-deformed Galilei algebra (3.30) has the two Casimir elements
C1 = ǫijKiPj −
1
2
ωcK
2
i −mJ , C2 = P
2
i − 2BJ − 2KiEi − 2mH, (3.31)
both of which take zero values in the EM-particle model. Note also that Pi = pi(0) −
1
2
Bǫijxj(0),
Ki = mxi(0) and J = ǫijxi(0)pj(0).
4 Extended model and enlarged exotic Galilei symmetry
We have seen that the Noether charges associated with the Galilei boosts and rotations of the
EM-particle are nonlocal in time. On shell, they are transformed into the local integrals generating
field-deformed symmetry transformations of a complicated form generalizing the initial boost and
rotation transformations. Let us look for such an extension of the EM-particle model which
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• would not change its dynamics,
• but would eliminate the nonlocality of the boost and rotation Noether charges.
Since the nonlocality of the both charges originates from the time integral of xi(t), the work would
be done if we present the particle coordinates as a time derivative of some “pre-coordinate” variables
qi. Taking also into account that more profound analogy between the EM-particle and NR-anyon
is destroyed by the non-dynamical character of the electric field, we change the nondynamical
quantities Ei for the dynamical ones Ei, and add to the Lagrangian the term Eiq˙i, i.e. change (3.1)
for the extended Lagrangian system
Lext =
1
2
mx˙2i +
1
2
Bǫijxix˙j + Eixi + Eiq˙i, (4.1)
treating the Ei as the momenta for the new coordinates qi. Since the equations of motion for qi
read
E˙i = 0, (4.2)
the Ei transmutes here into the dynamical integral of motion Ei. The additional term does not
change equations of motion for xi (3.4), but provides us with the new desired element: on l.h.s. of
Eq. (3.4) the ω−1c ǫijEj is changed now for the dynamical constant ω
−1
c ǫijEj to be similar to the pi
in the NR-anyon equations of motion (2.12). The two last terms in (4.1) mean that the Ei plays
simultaneously the role of the Lagrange multiplier generating the constraint
xi + q˙i = 0. (4.3)
Taking into account this constraint, the nonlocal term
∫ t
xi(τ)dτ in the boost and rotation Noether
charges of the EM-particle is reduced to the local term −qi(t).
In the Hamiltonian picture the extended system (4.1) is described by the symplectic two-form
σ = dpi ∧ dxi + dEi ∧ dqi = dPi ∧ dxi +
1
2
Bǫijdxi ∧ dxj + dEi ∧ dqi. (4.4)
The Hamiltonian of (4.1) has the same form (3.3) with the Ei changed for the dynamical constant
Ei, while the Hamiltonian equations of motion (3.4) are supplemented with the equations (4.2) and
(4.3). Making use of the equations of motion, we find the complete set of dynamical integrals of
motion linear in the extended phase space variables,
Pi, Ki = mxi +Bǫijqj − Pit−
1
2
Eit
2, Π¯i, Ei, (4.5)
where Pi and Π¯i are given by the equations of the form (3.17), (3.10) with the Ei changed for the
dynamical Ei. We have also the quadratic integrals
2
H =
1
2m
P 2i − Eixi, (4.6)
J = ǫij(xipj + qiEj) = ǫij(xiPj + qiEj) +
1
2
Bx2i , (4.7)
being the generators of the time translations and usual (not deformed) rotations.
Lagrangian (4.1) gives, however, not the most general extension of the system with the described
properties. Indeed, the Chern-Simons-like term 1
2
βǫijEiE˙j with a parameter β of dimensionality
B−1ω−2c can be added without changing the equations of motion. Its only effect will be to modify
the Poisson brackets of qi making them to be non-commuting coordinates. Summarizing, we arrive
at the following Lagrangian for the extended exotic system
LEx =
1
2
mx˙2i +
1
2
Bǫijxix˙j + Eixi + Eiq˙i +
1
2
βǫijEiE˙j. (4.8)
2We are not interested here in other quadratic integrals of motion, in particular, in those which could be related
to the generalized dilatation and special conformal symmetries.
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If we switch off the electromagnetic interaction by restoring the electric charge e and then put e = 0,
the system (4.8) is transformed into the decoupled sum of the two free nonrelativistic particles —
the usual one of mass m, and the exotic particle with noncommuting coordinates [8] of zero mass.
In canonical formalism, the system (4.8) is given by the nontrivial Poisson brackets
{xi, Pj} = δij, {Pi, Pj} = Bǫij, {qi, qj} = βǫij , {qi, Ej} = δij , (4.9)
and by the Hamiltonian (4.6). The complete set of equations of motion is (4.2), (4.3) and
x˙i =
1
m
Pi, P˙i = ωcǫij(Pj − ω
−1
c ǫjkEk). (4.10)
The quantities (4.5), (4.6) and (4.7) are the integrals of motion of the system (4.8) being the
Noether charges generating the following symmetries:
Pi : δxi = δai, δqi = −tδai, δEi = 0,
Ki : δxi = tδvi, δqi = −
(
1
2
t2 + βB
)
δvi, δEi = −Bǫijδvj ,
Ei : δxi = 0, δqi = δdi, δEj = 0,
Π¯i : δxi = δλj∆ji(t), δqi = −ω
−1
c δλjǫjk∆ki(t), δEi = 0,
J : δxi = δϕ ǫijxj , δqi = δϕ ǫijqj, δEi = δϕ ǫijEj,
(4.11)
where ∆ij(t) is defined by Eq. (2.15), while δai, δvi, δdi, δλi and δϕ are the transformation param-
eters. The Hamiltonian (4.6) generating the time translations can be presented in the equivalent
form in terms of other integrals of motion,
H =
1
2m
(Π¯2i + ω
−2
c E
2
i )−
1
B
ǫijEiRj , (4.12)
where the Ri is given by the equation of the form (3.21) with the Ei changed for Ei.
The integrals (4.5), (4.6) and (4.7) form the enlarged exotic Galilei algebra,
{Pi,Pj} = −Bǫij, {Ki,Pj} = mδij, {Ki,Kj} = βB
2ǫij , {Ki, Ej} = Bǫij,
{Π¯i, Π¯j} = Bǫij, {J ,Qi} = ǫijQj , Qi = Pi, Ki, Π¯i, Ei, (4.13)
{H,Ki} = −Pi, {H,Pi} = −Ei, {H, Π¯i} = −ωcǫijΠ¯j ,
where the nontrivial brackets are displayed only, cf. [15, 16]. The algebra (4.13) is characterized
by the two Casimir elements
C1 = R
2
i − Π¯
2
i − 2EiKi + βBE
2
i − 2BJ , C2 = Π¯
2
i − 2ω
−1
c ǫijEiPj − ω
−2
c E
2
i − 2mH, (4.14)
which for system (4.8) take zero values.
The coordinates Xi defined by Eq. (3.6) with the Ei changed for the Ei, i.e.
Xi = xi +
1
B
ǫij
(
Pj − ω
−1
c ǫjkEk
)
=
1
B
ǫij (Rj + Ejt) ,
can be identified as analogs of covariant non-commuting coordinates (2.16) of the NR-anyon,
{Xi,Xj} = −B
−1ǫij . Like the xi, they satisfy the relations {Pi,Xj} = −δij , {Ki,Xj} = t δij ,
{Ei,Xj} = 0, but, unlike the latter, {Π¯i,Xj} = 0. As a consequence, in correspondence with the
structure of the Hamiltonian (4.12), the evolution of the Xi reveals only the translation Hall drift
motion, d
dt
Xi =
1
B
ǫijEj .
5 Reduction of the Ex -model to the NR-anyon and EM-particle
The translation generators Pi, i = 1, 2, of the Ex-model do not commute in contrast with those of
the free NR-anyon, while its boost generators Ki, i = 1, 2, unlike the EM-particle, do not commute
at β 6= 0. Nevertheless, we shall show below that both systems, the EM-particle and NR-anyon,
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are contained in the Ex-model in the form of subsystems, and could be “extracted” from the latter
by the appropriate Hamiltonian reductions.
First, consider the reduction which produces the NR-anyon model. To this end, we define
PNRi = ω
−1
c ǫijEj, H
NR = H−
1
m
PNRi Ri =
1
2m
(
Π¯2i + (P
NR
i )
2
)
. (5.1)
Identifying the parameter κ of the NR-anyon with −m2B−1 of the Ex-model, and then fixing in
the latter model β = −m2B−3, we find that the set of integrals of motion PNRi , Π¯i, Ki, H
NR and
J of the Ex -model forms the algebra like that formed by the integrals Pi, ωVi, Ki, H and J of the
NR-anyon. The only difference is the sign of the brackets of the ωVi with ωVj (see Eq. (2.20)) in
comparison with the brackets of Π¯i with Π¯j in (4.13). Correspondingly, the sign before the term
Π¯2i in the H
NR is different from the sign before the ω2V2i in the Hamiltonian (2.18) of the extended
formulation for the NR-anyon. At the same time, note that the integral Ri = Pi − P
NR
i has
vanishing Poisson brackets with the integrals PNRi , Π¯i, Ki, H
NR of the Ex -model, and is rotated
by the J .
The Ex-model coordinates, which are covariant with respect to the action of the integrals PNRi ,
Π¯i, Ki, H
NR and J , can be identified in two steps. First, analogously to the NR-anyon, we present
the boost generator from (4.5) in the form Ki = mY
NR
i − P
NR
i t, cf. Eq. (2.7). This gives
YNRi = xi + ωcǫijqj −
1
2m
Eit
2 −
1
m
Rit. (5.2)
Then the
XNRi = Y
NR
i + βω
2
c ǫijP
NR
j = xi + ωcǫijqj − βωcEi −
1
m
Rit−
1
2m
Eit
2 (5.3)
(cf. Eq. (2.6)) is the analog of the covariant noncommuting coordinates of the NR-anyon in the
extended formulation,
{XNRi ,X
NR
j } = −βω
2
c ǫij, {X
NR
i ,Y
NR
j } = 0, {X
NR
i ,P
NR
j } = δij ,
{Ki,X
NR
j } = δijt, {Π¯i,X
NR
j } = 0, {J ,X
NR
i } = ǫijX
NR
j .
The XNRi , Y
NR
i and Π¯i diagonalize the rotation generator,
J =
1
2βω2c
(
(XNRi )
2 − (YNRi )
2
)
−
1
2B
Π¯2i .
Therefore, the Ex-model being reduced to the surface of the two second class constraints
Ri = Pi − P
NR
i ≈ 0 (5.4)
is transformed into the NR-anyon [11, 12] (with the only sign difference mentioned above). In the
sense of the Dirac theory of the constrained systems, in correspondence with definition (2.24) taken
for the second class constraints (5.4), we have P∗i = P
NR
i , K
∗
i = Ki, Π¯
∗
i = Π¯i, H
∗ = HNR. The
first from these relations means that in the subspace defined by the constraints (5.4), the vector
PNRi takes the role of the translation generator Pi, i.e. the reduction to the surface (5.4) provokes
a kind of electric-translation transmutation.
Further reduction to the surface of zero values of the circular motion integrals,
Π¯i ≈ 0, (5.5)
“extracts” from the extended system the model [8] of a free nonrelativistic anyon in the minimal
formulation.
Let us consider in more detail the reduction procedure of the system to the subspaces of the sec-
ond class constraints given in terms of integrals of motion. The symplectic two-form corresponding
to Poisson brackets (4.9) is
σ = dPi ∧ dxi +
1
2
Bǫij dxi ∧ dxj + dEi ∧ dqi +
1
2
βǫij dEi ∧ dEj , (5.6)
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In terms of the variables Xi and Πi given by Eq. (3.6) (in which the Ei is changed for Ei), it takes
the form
σ =
1
2
ǫij
(
B dXi ∧ dXj −B
−1dΠi ∧ dΠj + β dEi ∧ dEj
)
+ dEi ∧ dq
x
i , (5.7)
where
qxi = qi − ω
−1
c ǫijxj . (5.8)
I.e., the separation of the circular and drift motions is accompanied here by the appearance of the
variables qxi mixing the noncommuting coordinates qi with the commuting ones xi. Since
1
2B
ǫij dΠi ∧ dΠj =
1
2B
ǫij dΠ¯i ∧ dΠ¯j −
1
2m
dt ∧ dΠ¯2i , (5.9)
the transition from the variable Πi to the associated integrals Π¯i is accompanied by the shift of the
Hamiltonian for the term − 1
2m
Π¯2i . Having in mind the relation X¯i = B
−1ǫijRj , we get
1
2
Bǫij dXi ∧ dXj + dEi ∧ dq
x
i =
1
2
B−1ǫij dRi ∧ dRj + dEi ∧ dQi + dt ∧ d(EiX¯i), (5.10)
where
Qi = q
x
i +
1
B
ǫij
(
tRj +
1
2
Ejt
2
)
. (5.11)
Therefore, the transition from the Xi to the associated integrals Ri = −BǫijX¯j is accompanied by
the shift of the Hamiltonian for the term EiX¯i = EiXi, and by the transition from the variables q
x
i
to the variables Qi, which, like the qi, are the classically noncommuting variables, {Qi, Qj} = βǫij .
Finally, the relation
dEi ∧ dQi = −B
−1ǫij dEi ∧ dKj + dt ∧ d
(
−
1
2m
ω−2c E
2
i
)
(5.12)
means that the transition from the Qi to the integral Ki is accompanied by the shift of the Hamil-
tonian for the term − 1
2m
ω−2c E
2
i . The three steps can be summarized in presentation of the extended
two-form Σ = σ + dt ∧ dH in terms of the integrals of motion,
Σ =
1
2B
ǫij
(
dRi ∧ dRj − dΠ¯i ∧ dΠ¯j
)
−
1
B
ǫij dEi ∧ dKj +
1
2
βǫij dEi ∧ dEj , (5.13)
i.e. the three described shifts cancel all the three corresponding terms in Hamiltonian (4.6) reducing
it to zero. This is in accordance with the nature of the independent variables Ri, Π¯i, Ki and Ei,
which are the integrals of motion, and can be used instead of the initial variables xi, Pi, qi and
Ei for the canonical description of the Ex-model. For the sake of completeness, note also that
with respect to the set of the second class constraints (5.4) and (5.5) we have x∗i =
1
m
PNRi t and
(qxi )
∗ = qxi −
1
B
ǫijRjt.
From (5.13) it follows that the vector PNRi with commuting components is conjugate to the
boost generators in the same way as a translation generator, {Ki,P
NR
j } = mδij , cf. the vector pi
of the NR-anyon. The noncovariant coordinate (5.2) is nothing else as the rotated vector (5.11),
YNRi = ωcǫijQj. Note also that the presence of the last term in (5.11) gives
∂Qi
∂t
= 1
B
ǫijRj , that
turns into zero on the surface (5.4). As a consequence, on the reduced phase space given by the
second class constraints (5.4), (5.5), the covariant coordinates XNRi do not depend explicitly on
evolution parameter t, and the system admits the Hamiltonian description in terms of the extended
two-form of the NR-anyon model in minimal formulation,
ΣNR
0
= σ + dt ∧ dH0, σ = dP
NR
i ∧ dX
NR
i + θdP
NR
i ∧ dP
NR
i , H0 =
1
2m
(
PNRi
)2
,
where we have taken into account the described above identification of the parameters of the Ex-
model with those of the NR-anyon.
The phase space reduction of the Ex-model to the EM-particle is the reverse of the procedure
with which the extended model was obtained from the EM-particle. To realize it, we have to fix
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the dynamical variables Ei to be equal to the constant electric field components Ei, as well as
to eliminate the variables qi, conjugate to the momenta Ei, by presenting them in terms of other
variables. This should be realized in a way consistent with the dynamics of the Ex-model. To satisfy
the requirement of consistency, and having in mind the EM-particle relation (3.20), we introduce
the four second class constraints
Ei −Ei ≈ 0, Ki − ω
−1
c ǫij(Rj − Π¯j) ≈ 0. (5.14)
Being given in terms of the integrals of motion, the subspace (5.14) is stable under the system
evolution. Since the Ei has nontrivial brackets with the qi only, the reduction to the surface of
the constraints (5.14) means effectively the elimination of the qi (by presenting it in terms of
other phase space variables and time) and reduction of the dynamical Ei to the nondynamical
electric field Ei. The Ex-model symplectic two-form (5.6) is reduced on the surface (5.14) to the
symplectic form (3.2) of the EM-particle. Relation (5.12) corresponds to the elimination from
the Hamiltonian of the term 1
2m
ω−2c E
2
i , which is the kinetic term for the noncommuting variables
qi. As a result, the Dirac brackets of the remaining independent phase space variables xi and
Pi calculated with the second class constraints (5.14) coincide with the Poisson brackets of the
EM-particle, while the Hamiltonian H, the boost and rotation generators take the form of the
corresponding integrals of the EM-particle given by Eqs. (3.3), (3.20) and (3.28). Since the integral
Pi commutes with the constraints (5.14), its Dirac brackets with any other quantity coincide with
the initial brackets. This means, in particular, that after reduction the translation symmetry has
a usual form, {Pi, xj}
∗ = −δij . On the other hand, the brackets for Ki and J with xj change their
usual form corresponding to transformations (4.11) for that corresponding to the field-deformed
transformation laws (3.22) and (3.29) of the EM-particle.
Therefore, the Ex-model reduced to the surface of the constraints (5.14) is the EM-particle
model. The usual Galilei boost and rotation transformation symmetries of the extended system
transmute under this reduction into the corresponding field-deformed transformation symmetries
of the EM-particle model, while the Dirac bracket relations of Pi, Ki, J and H take the form of
the Poisson bracket relations (3.30).
6 Discussion and concluding remarks
We have considered two schemes of reduction of the Ex-model to the surfaces given by the sets
of second class constraints (5.4) and (5.5), and (5.14). The surfaces are presented in terms of the
integrals of motion of the Ex-model, that guarantees the consistency of the reduction procedure with
the model dynamics. In the first reduction scheme, the boost generators of the Ex-model commute
with the constraints (5.4), (5.5), while in the second scheme its translation generators commute
with constraints (5.14). As a result, we “extract” from the extended system, correspondingly, the
NR-anyon and the EM-particle models.
Note that in a generic case not any surface given by the dynamical integrals of motion in the
form of second class constraints can be used for a reduction. For instance, the second pair of
relations from (5.14) forms alone a subset of two second class constraints. However, the reduction
of the extended two-form (5.13) to the surface of such constraints can not be presented in the form
Σred = σred + dt ∧Hred with non-degenerate two-form σred and reduced Hamiltonian Hred, where
the symplectic matrix associated with σred would not depend explicitly on time. This means that
after reduction to such a surface we can not describe the resulting system as a Hamiltonian one.
On the other hand, the two second class constraints (5.5) can be used for the Hamiltonian
reduction. It produces the system described by the noncommuting coordinates
Xi = x
∗
i = xi +B
−1ǫijΠj ≈ xi, {Xi,Xj} = −B
−1ǫij ,
and by the decoupled in the sense of Dirac brackets noncommuting coordinates qxi and conjugate
momenta Ei,
{qxi , q
x
j } = βǫij, {q
x
i , Ej} = δij .
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The Hamiltonian of such a reduced system is
HHext =
1
2m
ω−2c E
2
i − EiXi.
It generates the evolution corresponding to the Hall motion, d
dt
Xi =
1
B
ǫijEj , as well as the equations
d
dt
qxi = m
−1ω−2c Ei−Xi,
d
dt
Ei = 0. This system possesses the symmetry corresponding to the enlarged
exotic Galilei algebra (4.13) with the omitted bracket relations which include the Π¯i and turn into
zero after reduction to the surface (5.5)3. The system can be further reduced to the surface given
by Eq. (5.14), and we obtain the system given in terms of the noncommuting coordinates Xi and
the Hamiltonian HHall = −EiXi, which describes the Hall motion.
After reduction to the surface of the subsystem of the second class constraints (5.4), we obtain
the system equivalent to the NR-anyon in extended formulation, which includes the analogs of
the anyon noncommuting velocities. The only difference is in the signs of the Poisson brackets of
the integrals Π¯i in comparison with those of the NR-anyon integrals Vi, and in the signs of the
corresponding quadratic terms in Hamiltonians (2.18) and (5.1). As a result, the Hamiltonian (5.1)
is positively definite, while the Hamiltonian (2.18), appearing in the higher-derivative model for
the noncommutative plane [7], is not. This difference turns out to be essential at the quantum level
(see the discussion in [10, 11]).
In the same vein as we constructed the extended system proceeding from the EM-particle
model, one can start from the NR-anyon in a background of the constant electric and magnetic
fields [8, 12]. In such a case from the very beginning we shall get the noncommuting translations
and noncommuting, in a generic case, Galilei boosts. By the appropriate choice of the multiplicative
parameter in the electric Chern-Simons term, the Galilei boosts of such an extended system can
be made to be commuting (cf. the enlarged exotic Galilei symmetry of the Ex -model at β = 0).
Note here that some analogous extension of the exotic particle [8] in background homogeneous
electromagnetic field was discussed recently in [24]. The essential difference of the construction [24]
is that there the components of electric field were treated as commuting coordinates, while analogs
of our qi’s were considered as conjugate canonical (i.e., commuting) momenta, and the integrals of
motion similar to ours Π¯i, and to be analogous to the NR-anyon integrals Vi, were ignored there
(hence, see footnote 3).
We constructed and analyzed the nonrelativistic Ex -model associated with the systems of the
EM-particle and NR-anyon proceeding from the similarity of their dynamics. A similar relation
between dynamics of the relativistic particle in a homogeneous background electromagnetic field and
of the relativistic model of the particle with torsion [25, 26], underlying the models for relativistic
anyons [17, 18, 19], was observed in [27]. Therefore, the relation between these two relativistic
systems can be investigated in the analogous way. Then, one can expect that the corresponding
“unifying” extended exotic relativistic system should produce the nonrelativistic Ex-model under
application to it of the Jackiw-Nair limit [9, 11].
The ideas of the present research, being generalized for the field case, could be applied to
the nonrelativistic Chern-Simons gauge theory [28] playing a prominent role in the description of
anyons and fractional quantum Hall effect (see [29] and references therein), and to the doubly
special relativity [30].
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